We derive a mass formula for n-dimensional unimodular lattices having any prescribed root system. We use Katsurada's formula for the Fourier coefficients of Siegel Eisenstein series to compute these masses for all root systems of even unimodular 32-dimensional lattices and odd unimodular lattices of dimension n ≤ 30. In particular, we find the mass of even unimodular 32-dimensional lattices with no roots, and the mass of odd unimodular lattices with no roots in dimension n ≤ 30, verifying Bacher and Venkov's enumerations in dimensions 27 and 28. We also compute better lower bounds on the number of inequivalent unimodular lattices in dimensions 26 to 30 than those afforded by the Minkowski-Siegel mass constants.
Introduction
First we review some definitions. For more information, see [9] and [22] .
An n-dimensional lattice Λ is the set Zv 1 + · · · + Zv n of all integer linear combinations of a basis {v 1 , . . . , v n } for R n . We associate with Λ the Gram matrix A with i, j-th entry the inner product (v i , v j ). (The matrix A is a positive definite quadratic form, and much of what follows may be reformulated in the language of quadratic forms.) The determinant of Λ is defined to be det(A), and Λ is called unimodular if its determinant is 1. We say that Λ is integral if (v, v ′ ) is an integer for all v, v ′ ∈ Λ. Such a lattice is called even (or Type II ) if (v, v) is always even, and odd (or Type I ) otherwise. The dual of Λ is Λ ′ = {v ∈ R n : (v, x) ∈ Z for all x ∈ Λ}, and the determinant of Λ is the order of the finite abelian group Λ ′ /Λ. Since we shall (with the exception of the occasional dual lattice) primarily be concerned with integral lattices, we generally omit the adjective integral in what follows. The norm of a vector v ∈ Λ is defined to be (v, v), the square of its length. We say that a lattice is decomposable (or reducible) if it can be written as an orthogonal direct sum of two nonzero sublattices, and is indecomposable (or irreducible) otherwise.
Each n-dimensional unimodular lattice Λ has a vector u such that (u, x) ≡ (x, x) (mod 2) for all x ∈ Λ. Such a vector is called a parity vector [9, Preface to 3rd edition, p. xxxiv], or a characteristic vector [4] , or a canonical element [33] . The set of parity vectors forms a coset u + 2Λ in Λ/2Λ, and each parity vector satisfies (u, u) ≡ n (mod 8) .
Let N be an n-dimensional lattice with Gram matrix A and M be an mdimensional lattice with Gram matrix B. We say that N is represented by M if there exists an m × n integral matrix X for which X t BX = A. We let r(M, N ) denote the number of representations of N by M . When m = n, we say that M and N are (integrally) equivalent if there exists an integral matrix X with determinant ±1 for which X t BX = A. M and N are in the same genus if they are equivalent over the p-adic integers Z p for each prime p (including p = ∞, for which Z p = Q). We define Aut(N ) to be the group of n × n integral matrices X for which X t AX = A. (Note that the definitions of det(N ), r(M, N ) and equivalence are independent of the integral bases chosen for the lattices, and so is Aut(N ), up to isomorphism.) The theta series of a lattice Λ is defined by Θ Λ (q) = v∈Λ q (v,v) = ∞ k=0 r(Λ, k)q k where q = e πiz . For our purposes, a root is a vector of norm 1 or 2, and the root system of Λ is the set of roots in Λ. The lattice generated by a root system is called a root lattice, and we define the rank of a root system to be the dimension of the corresponding root lattice. Root lattices are completely classified: they are direct sums of the irreducible root lattices Z, A n (n ≥ 1), D n (n ≥ 4), E 6 , E 7 , and E 8 . We use the same notation to refer to root systems, and for brevity we sometimes write the root system n 1 A 1 ⊕ · · · ⊕ n j E 8 as A n1 1 · · · E nj 8 . In this paper we are concerned with the problem of classifying unimodular lattices, and also the subproblem of classifying unimodular lattices without roots (which correspond to denser sphere-packings), up to equivalence.
The Minkowski-Siegel mass formula (see [7] ) gives the sum of the reciprocals of the orders of the automorphism groups of all inequivalent lattices in a given genus. The mass constants can be used to verify that an enumeration of inequivalent lattices in a given genus is complete. They also give a lower bound for the number of inequivalent lattices in a given genus (sometimes called the class number ).
In dimensions divisible by 8 there are two genera of unimodular lattices, Type I and Type II (except in dimension 0, in which there is just one lattice of Type II). In all other dimensions there is only one genus of unimodular lattices, Type I. The lower bounds provided by the mass constants show that the number of unimodular lattices increases super-exponentially as a function of the dimension. Unimodular lattices have been completely enumerated in dimensions n ≤ 25, but number more than 900 million in dimension 30. Unimodular lattices without roots have been completely enumerated in dimensions n ≤ 28, but number more than 8 × 10 20 in dimension 33. In both cases, somewhere between dimension 26 and dimension 32 there is a transition from being completely classified to being numerous enough to make classification unappealing, so information about what is going on in these dimensions is of interest.
Our approach is based on a suggestion by Borcherds that the Fourier coefficients of Siegel Eisenstein series of degree 4k could be used to derive something analogous to the Minkowski-Siegel mass formula, but which gives the mass of all the even unimodular lattices of dimension 8k having any given root system.
We wrote a computer program which uses Katsurada's formula (see [16] )
for the Fourier coefficients to calculate the masses for all possible root systems of even unimodular 32-dimensional lattices. From these masses, we used the methods of [9, Chapter 16 ] to compute the masses, for each root system, of unimodular lattices in dimensions n ≤ 30.
In particular, we have a mass formula for those lattices which have the empty root system (that is, which have no roots). This formula verifies the known masses in dimensions n ≤ 28, and provides new lower bounds for the number of unimodular lattices without roots in dimensions 29 to 32.
We also used our program to compute better lower bounds on the total number of odd unimodular lattices in dimensions 26 to 30, and even unimodular lattices in dimension 32, than those gotten from the Minkowski-Siegel mass constants.
Our results may be viewed as a coarse classification of lattices, as inequivalent lattices may have the same root system. For dimensions n ≤ 23, in which it happens to be the case that a unimodular lattice in a given genus is completely determined by its root system, our results coincide with the previously known enumerations. The same is true for the even unimodular 24-dimensional lattices (which are known as the Niemeier lattices).
A mass formula for even unimodular lattices having any given root system
Let Ω be the set of inequivalent even unimodular lattices of dimension 8k. We define the mass m of Ω by
By the Minkowski-Siegel mass formula, for k > 0 we have
where B i is the ith Bernoulli number. (See [9] and [7] for this, and for the mass formulae for other genera of lattices.) For an n-dimensional lattice N , we define a weighted average number of representations of N by the lattices Λ ∈ Ω by
Let {R 1 , ..., R s } be the set of all the root lattices of dimension n or less with no vectors of norm 1. Each R i is the direct sum of lattices A j (j ≥ 1), D j (j ≥ 4), E 6 , E 7 , and E 8 . Let Ω i be the set of lattices in Ω having root system R i , and let m(R i ) = Λ∈Ωi |Aut(Λ)| −1 be the mass of those lattices in Ω which have root system R i , so that m = m(R 1 ) + · · · + m(R s ).
Proposition 1 Let U be the s×s matrix with i, j-th entry r(R j , R i ), let v be the vector (m(R 1 ), . . . , m(R s )) t , and let w be the vector (a(R 1 ), . . . , a(R s )) t . Then 1 m U v = w. Furthermore, U is invertible, so m(R i ) = (mU −1 w) i gives the mass of the lattices in Ω having root system R i .
Proof. Observe that if R is any root lattice and if S is the root system of a lattice Λ then r(Λ, R) = r(S, R), so for j = 1, . . . , s we have
We may assume the R i 's are ordered so that their dimensions are non-decreasing, and so that among those with the same dimension the determinants are non-increasing. With this ordering, r(R j , R i ) = 0 whenever i > j, so U is upper triangular. Since each diagonal element r(
Remark 2
The values a(R j ) are the Fourier coefficients of Siegel Eisenstein series. Borcherds, Freitag and Weissauer [6] used a relation similar to 1 m U v = w to compute the coefficients of a cusp form from the known values of m(R i ) in dimension 24. We shall do the inverse in dimension 32: use the values of a(R j ) to derive the values m(R i ). We discuss how to compute a(R j ) in Section 7. The problem of computing r(R i , R j ) is largely combinatorial; we discuss it in Section 8.
3 Masses of 32-dimensional even unimodular lattices with any given root system Let m II n (R) and m I n (R) denote the masses of the n-dimensional even and odd unimodular lattices having root system R, and let m n (R) denote their sum. Let w(R) denote the order of the Weyl group of R; w(R) is the product of the orders of the Weyl groups of the irreducible components of R, where w(A n ) = (n + 1)!, w(D n ) = 2 n−1 n!, w(E 6 ) = 2 7 3 4 5 · 7, w(E 7 ) = 2 10 3 4 5 · 7, and w(E 8 ) = 2 14 3 5 5 2 7. It is sometimes more convenient to list the values of m II n (R) · w(R) than it is to list the values of m II n (R) alone, but the latter can easily be recovered from the former.
We used a computer to calculate m II 32 (R) for each root system R with rank(R) ≤ 32. The computation took about two weeks on a Sun Ultra 60, running a program written in Common Lisp and compiled with Franz Inc.'s Allegro CL. (We discuss several issues related to the implementation in Sections 7 to 9.)
The nonzero values of m II 32 (R) · w(R) with rank(R) ≤ 9 are as listed in Table 1 . (The list of all 13218 nonzero values of m II 32 (R) · w(R) is available electronically at [19] .)
The root system R of a lattice Λ is called complete if the sublattice of Λ generated by R has finite index in Λ, or equivalently if rank(R) = dim(Λ). The classification of even unimodular lattices with complete root systems is closely related to the classification of certain self-dual codes (see [34] ).
Corollary 4 (Kervaire [18] ) There are 119 complete root systems R which occur as root systems of indecomposable 32-dimensional even unimodular lattices.
Proof. There are 143 root systems R for which rank(R) = 32 and m II 32 (R) > 0. Of these, the root system D 2 16 and the 23 root systems containing E 8 correspond to decomposable lattices. The remaining 119 root systems correspond to indecomposable lattices.
Kervaire [18] , extending the work of Koch and Venkov [25] , has proven a stronger result: there are exactly 132 indecomposable even unimodular 32dimensional lattices with complete root systems, with 119 different root systems occurring.
Corollary 5 There are at least 10000000 32-dimensional even unimodular lattices without roots.
Proof. Each such lattice has at least two automorphisms, so the number of such lattices is at least 2 × m II 32 (∅) = 1.096 × 10 7 . We will have more to say about lattices without roots is Section 5.
Remark 6 If there is a single even unimodular 32-dimensional lattice with root system R then the corresponding value m II 32 (R)·w(R) is of the form 1/q for some q ∈ N; the converse often holds (but not always: for R = A 7 1 A 3 2 A 3 D 7 , m II 32 (R) · w(R) splits as 1/4 = 1/12 + 1/6; see [4] ). We give one example below, and shall see more examples in Section 4 (Niemeier lattices) and Section 5 (unimodular lattices with no roots). The last column of Table 1 labels as "unique" those lattices whose uniqueness follows from [4] , and in some cases gives the name of the lower dimensional lattice which when glued to R produces the unique even unimodular 32-dimensional lattice with root system R.
Example 7
In [13] , Elkies and Gross construct a 26-dimensional even lattice L 0 of determinant 3 with no roots, for which |Aut(L 0 )| = 2 13 3 5 7 2 13 = 1268047872, and refer to a preprint [12] containing a proof of its uniqueness which uses Euclidean lattices. (Borcherds [4, Chapter 5.7] had previously proved its existence and uniqueness using Lorentzian lattices). By [4] , even 26-dimensional lattices of determinant 3 with no roots are in one-to-one correspondence with even unimodular 32-dimensional lattices having root system E 6 , where the order of the automorphism group of the 32-dimensional lattice is w(E 6 ) times 0.00 shorter Leech the order the automorphism group of the corresponding 26-dimensional lattice. Since m II 32 (E 6 ) · w(E 6 ) = |Aut(L 0 )| −1 , L 0 must be the unique even 26dimensional lattice of determinant 3 with no roots, and there must also be a unique 32-dimensional even unimodular lattice with root system E 6 . (This also follows from the classification of 27-dimensional unimodular lattices with no roots in [2] , as the one-to-one correspondence mentioned above also extends to 27-dimensional unimodular lattices with no roots and with a parity vector of norm 3 [4] .)
Remark 8
In an earlier draft we pointed out the large mass of lattices with root systems A k 1 for small k, and remarked that roots seem to have a propensity for being orthogonal to one another. Peters has since sent us a preprint [32] explaining this: he observes that the sum of the masses m II [19] is 97.25% of the total mass of the genus of even unimodular 32-dimensional lattices, and shows that a lower bound of 97.11% of the total mass can be derived from the small size of the Fourier coefficient corresponding to A 2 in the Siegel Eisenstein series of degree 2 and weight 16. The idea is that an even unimodular lattice represents A 2 if and only if it has non-orthogonal roots u and v (with u = ±v).
Masses of unimodular lattices of dimension
n ≤ 30 with any given root system
In [9, Chapter 16], Conway and Sloane describe a correspondence between unimodular lattices of dimension n ≤ 23 and orbits of norm 4 vectors in even unimodular 24-dimensional lattices. They use this correspondence to produce, from the list of Niemeier lattices, a list of the root systems and automorphism group orders of all unimodular lattices of dimension n ≤ 23. Unimodular lattices of dimension n ≤ 31 likewise correspond to orbits of norm 4 vectors in even unimodular 32-dimensional lattices, and we can use this correspondence to compute m n (R) for all root systems R and all n ≤ 30.
Let v = 2e be a vector of norm 4 in an even unimodular lattice Λ of dimension n = 32. Then L 31 = {x ∈ Λ ⊥ : x + ne ∈ Λ for some n ∈ Z} is an odd 31dimensional unimodular lattice, and |Aut(L 31 )| = 2|Aut(Λ)|/c(v), where c(v) is the number of images of v under Aut(Λ). If the lattice L 31 has exactly 2k vectors of norm 1, we can write L 31 = L 31−r ⊕ Z k , where L 31−k has minimal norm 2 and |Aut(L 31−k )| = |Aut(L 31 )|/(2 k k!). (We shall call L 31−k the reduced lattice corresponding to Λ and v.) This construction gives a one-to-one correspondence between orbits of norm 4 vectors in 32-dimensional even unimodular lattices and unimodular lattices with no vectors of norm 1 in dimensions less than 32. (See [9] or [4] ).
We shall mainly be concerned with norm 4 vectors v which are the sum of two orthogonal roots r and s. For such vectors, knowing just the root system of Λ allows us to compute the dimension and the root system of the reduced lattice L 31−k . Some useful information, distilled from [9, Table 16 .8], is provided in the table below.
The interpretation of this table is as follows: Case 1: r and s are from different components R and S of the root system of Λ. Then the reduced lattice L 31−k has dimension 30, and has the same root system as Λ, except for the components R and S from which r and s are taken, which are transformed toR andŜ as given in the third column. The second column gives the number of roots #r in each component R, from which we can compute the number of vectors v = r + s with r ∈ R and s ∈ S.
Case 2: r and s are from the same component R of the root system of Λ. Then the dimension of the reduced lattice is given in last column, and the root system of L 32−k is the same as that of Λ except the component R will be replaced byR. Note that for R = D n with n ≥ 5,R and dim(L 32−k ) depend on the shape of v. The column headed #v gives the number of norm 4 vectors of that shape in the component R.
Remark 9 Norm 4 vectors that are not the sum of two orthogonal roots correspond to reduced lattices of dimension 31. For this reason we have not computed the mass of unimodular 31-dimensional lattices with root system R. (That mass could be computed from the mass of even unimodular 40-dimensional lattices with root system R ⊕ D 9 .)
Computing the number c(v) (and hence the order of Aut(L 31−k ) in terms of the order of Aut(Λ)) sometimes requires additional information about Λ, such as whether there are automorphisms of Λ which permute the components of its root system with multiplicity greater than one. But for our purposes this is not an impediment, as we demonstrate in the following example.
Example 10 Let Λ be an even unimodular 32-dimensional lattice with root system A 4 1 D 5 and let v = s+t where s is a root from one of the four components A 1 and t is a root from the component D 5 . Then the corresponding reduced lattice
, and has automorphism group order |Aut(
Since each component A 1 has 2 roots and the component D 5 has 40 roots, there are 4 · 2 · 40 = 320 such vectors v, which form anywhere from one to four orbits under Aut(Λ), depending on whether there are any automorphisms permuting the components A 1 . Because of this ambiguity, we do not know exactly what c(v) is. But suppose the 320 vectors break into m orbits,
so the total mass of the lattices which correspond to the lattice Λ and any of these vectors v is
Since from Table 1 the mass of all 32-dimensional lattices Λ j with root system A 4 1 D 5 is j |Aut(Λ j )| −1 = 1029287/7464960, these lattices contribute j 320|Aut(Λ j )| −1 = 320 · 1029287/7464960 towards the total mass of 30dimensional unimodular lattices with root system A 4 1 A 3 . By similarly accounting for contributions from orbits of norm 4 vectors in even unimodular 32dimensional lattices with other root systems, we can compute the exact mass of the 30-dimensional unimodular lattices with root system A 4 1 A 3 .
We have, in this manner, computed the mass of n-dimensional unimodular lattices having any given root system for all n ≤ 30. We have not provided a table of these masses (as they can easily be derived from the table of masses of 32-dimensional even unimodular lattices with any given root system in [19] ), but we will use these masses in Section 6 to find lower bounds on the class numbers of unimodular lattices in dimensions up to 30. 
Mass formula for unimodular lattices with no roots
Recall that m n (∅) denotes the mass of the n-dimensional unimodular lattices with no roots. By considering all the orbits of norm 4 vectors v = r + s in even unimodular 32-dimensional lattices that correspond to reduced lattices with no roots, we have
These masses m n (∅) may be computed by looking up the values of m II 32 (R) in Table 1 and [19] ; the results are listed in Table 2 , split into m I n (∅) and m II n (∅) towards the mass of 31-dimensional lattices with no roots. There are almost certainly additional contributions from norm 4 glue vectors v in even unimodular 32-dimensional lattices with root systems A k 1 for some k, but we will not attempt to account for these. We can restate this in terms of parity vectors:
The mass of 31-dimensional unimodular lattices with no roots and with no parity vectors of norm 7 is (146880/2) m II 32 (∅).
Proof. Let L be a 31-dimensional unimodular lattice with no roots, and Λ the corresponding 32-dimensional even unimodular lattice. As in [9, p. 414 (This is almost certainly an underestimate, since an even neighbor of an odd lattice with no roots can have roots.)
As an immediate consequence of the values we computed for m n (∅) in Table 2, we have:
Corollary 13 ([9, 4, 2]) There exist odd unimodular n-dimensional lattices without roots for n = 23, 24, and 26 − 32, but not for n = 1 − 22 or n = 25.
Unimodular lattices with no roots are known to exist in all dimensions n ≥ 26 (see [8] , [29] ). In dimensions n ≤ 28 they have already been completely enumerated, and so the masses m n (∅) may also be computed by summing the reciprocals of the automorphism group orders of these lattices. (Happily, this agrees with our mass formula in each case.) For the even lattices, there is the empty lattice in dimension 0, and the Leech lattice Λ 24 in dimension 24. The Leech lattice Λ 24 was discovered by Leech in 1965 [26] and was shown to be the unique even unimodular 24-dimensional lattice without roots by Niemeier [30] and by Conway [9, Chapter 12] around 1969. For the odd lattices, there is the shorter Leech lattice in dimension 23, the odd Leech lattice O 24 in dimension 24 [31] , the lattice S 26 in dimension 26, 3 lattices in dimension 27, and 38 lattices in dimension 28. The lattice S 26 was constructed by Conway in the 1970's and was shown to be the unique unimodular 26-dimensional lattice without roots by Borcherds in 1984 [4] . Borcherds also found one of the 27-dimensional lattices. The full enumerations in dimensions 27 and 28 are due to Bacher and Venkov [2] . Examples of unimodular lattices with no roots have been constructed for dimensions 29 to 32 (including the 15 exceptional even unimodular 32-dimensional lattices classified in [25] ), and a nonconstructive analytic argument shows that they exist in all dimensions n ≥ 33 (see the Conway-Thompson Theorem [28, p. 46] for n ≥ 37, and [7] for 33 ≤ n ≤ 36.) In fact for n ≥ 33 this argument gives a lower bound for the mass of lattices without roots that is close to the total mass of the genus, so there are a great many lattices without roots (see Remark 16) . The idea is that the coefficients a 1 and a 2 of the average theta series 1 m Λ∈Ω
give the average number of vectors of norm 1 and norm 2, taken over all the lattices in the genus Ω. If a 1 + a 2 is less than 2, then there must be some Λ ∈ Ω with no vectors of norm 1 or 2 -this is the case when Ω is the genus of ndimensional unimodular lattices for n ≥ 33. For n = 33, a 1 +a 2 is approximately 1.42, and this implies that m I 33 (∅) ≥ 4.04 × 10 20 , so there are more than 8 × 10 20 33-dimensional unimodular lattices without roots [8] . For n ≤ 32, the average number of roots is greater than 2, so this argument does not apply. Notice that the coefficient a i is the same as the average number of representations a(N ) we defined in Section 2, in the special case where N is the 1 × 1 matrix (i).
Remark 15
In dimensions n ≤ 33, odd unimodular lattices with no roots have minimal norm 3, except in dimension 32, in which they can have minimal norm 3 or 4. In dimensions 24 and 32, even unimodular lattices with no roots have minimal norm 4. See [8] .
Remark 16
Let m ′ n be the mass of odd n-dimensional unimodular lattices with only trivial automorphisms. There are no such lattices for n ≤ 28 [2] , but Bacher has found one for n = 29 [1] . Bannai [3] showed that m ′ n /m n → 1 as n → ∞. For n > 1 any lattice with roots has nontrivial automorphisms, so m ′ n /m n ≤ m n (∅)/m n . Below we list m n (∅)/m n for 26 ≤ n ≤ 30, and lower bounds on m n (∅)/m n for 31 ≤ n ≤ 33. 
Lower bounds on class numbers
Let Ω be the set of inequivalent lattices in a genus of dimension n > 0, m the mass of that genus, and m(R) the mass of those lattices having root system R.
Each lattice Λ ∈ Ω has at least two automorphisms, 1 :
x → x and −1 : x → −x; from this we get the well-known lower bound |Ω| ≥ ⌈2m⌉. For each root r of Λ, the reflection (1)
Evaluating this sum with the value of m II 32 (R) we computed for each R gives |Ω| ≥ 1162109024.
Corollary 17 There are at least 1000000000 even unimodular 32-dimensional lattices.
For comparison, ⌈2m II 32 ⌉ = 80618466, so our lower bound is 14.4 times larger than the lower bound obtained by doubling the Minkowski-Siegel mass constant.
We also computed m n (R) for each n ≤ 30 and each root system R, and used equation 1 to find lower bounds on the number of odd unimodular lattices. (In the cases where a single m n (R) is expressed as a sum of masses corresponding to different root systems of 32-dimensional even unimodular lattices, such as
, we bounded the number for each summand individualy, which gives a better overall bound.)
Unimodular lattices in dimensions n ≤ 25 have been completely enumerated: even unimodular lattices of dimension 8 by Mordell, of dimension 16 by Witt, and of dimension 24 by Niemeier [30] (see also Venkov [34] ); odd unimodular lattices of dimension n ≤ 16 by Kneser [24] , of dimension n ≤ 23 by Conway and Sloane [9, Chapter 16] , and of dimension 24 and 25 by Borcherds [4] . Table 3 gives our lower bound β n on the number of unimodular lattices in dimension n ≤ 30, and our computation of the number of distinct root systems r n that occur in these lattices (including root systems with components Z, which do not occur for even lattices). The table includes for comparison the actual number α n of unimodular lattices in dimension n ≤ 25, taken from [9, Table 2 .2], and the Minkowski-Siegel mass constants m n , taken from [9, Tables 16.3 and  16 .5]. (The counts of odd unimodular lattices include those with vectors of norm 1 to facilitate comparison with m n ; since any integral lattice with a vector of norm 1 is of the form Z k ⊕ Λ where Λ has minimal (nonzero) norm 2, the counts of lattices with no vectors of norm 1 can be recovered from β n ; similarly, the number of distinct root systems with no components Z can be recovered from r n , with the caution that 8 of the 24 root systems of even unimodular 24-dimensional lattices also occur as root systems of odd unimodular 24-dimensional lattices.) Our lower bounds agree exactly with the actual numbers for n ≤ 24. This is to be expected for n ≤ 23 since in those dimensions an odd or even ndimensional unimodular lattice is uniquely determined by its root system R, and m(R) w ′ (R) is exactly equal to the number of lattices with root system R when there are 0 or 1 such lattices. This is also true for 24-dimensional even unimodular lattices. Our lower bound in dimension 25 is within two percent of the actual number, and our lower bounds in dimensions 26 to 30 (for which the actual numbers are not known) are the best we are aware of.
Computing the numbers a(R)
For a half-integral n × n matrix B, define c n,k (B) = (−1) nk/2 2 n(k−(n−1)/2) (det B) (2k−n−1)/2 b(B, k) 2k i=2k−n+1 π i/2 Γ(i/2) Table 3 : Comparison of the actual number α n of unimodular lattices of dimension n, the lower bound β n computed with equation 1, the number r n of distinct root systems occuring (including those with components Z), and the Minkowski-Siegel mass constant m n . Odd lattices are listed above, even lattices below. The last column is included only when 2m n provides a nontrivial lower bound for α n .
dim Proof. See [22, Theorem 6.8.1], and note that the product of local densities p α p (M p , N p ) is equal to b(M, k) when N is an even unimodular lattice of dimension 2k [21] .
Remark 19
The Siegel Eisenstein series of degree n and weight k is defined to be where C runs over all positive semi-definite half-integral n × n matrices.
The first explicit formula for b(B, k) for arbitrary n is due to Katsurada [16] , and was published in 1999. Prior to this, an explicit formula for the coefficients of E n,k (Z) was known only for n ≤ 3: The case n = 1 is well-known (see for example [33, Chapter VII]), Maaß [27] gives an explicit formula for n = 2 (see also Kaufhold [17] ), and Katsurada [15] gives an explicit formula for n = 3 (extending partial results by Kitaoka [20] ).
Let B be a nondegenerate symmetric half-integral n × n matrix over Z p . It follows from [23] 
for certain polynomials F p (B; X). Here ζ is the Riemann zeta function, and L(s, χ B ) is a Dirichlet L-series whose values may be computed using the method in [7] . The explicit formula for F p (B; X) in [16, Theorem 4.3] is not itself wellsuited for calculation since the outer index of summation takes 2 n values, but we can use Katsurada's recursion relations [16, Theorems 4.1 and 4.2] as part of a practical algorithm for computing F p (B; X). We will state these recursion relations below (without proof); first we will need to introduce some of the notation from [16] .
For a = p r c with r ∈ Z and c ∈ Z * p , define χ p (a) = ( c p ) for r even and 0 for r odd (where ( p ) is the Legendre symbol mod p), and define
Define ord p (a) to be the exact power of p dividing a, and define i p (B) to be the least integer t for which p t B −1 is half-integral. Let ( , ) p denote the Hilbert Symbol over Q p (see [33] ), and let h p denote the Hasse invariant (see [22] ). For odd n, define
For even n, define (1) and C(B, B 2 ; X) (0) in X by
if n is even
Theorem 20 (Katsurada [16] ) Let B 1 = (b 1 ) and B 2 be nondegenerate half integral matrices of degree 1 and n − 1, respectively, over Z p , and put B = B 1 ⊥B 2 . Assume that ord(b 1 ) ≥ i(B 2 ) − 1 + 2δ 2p . Then we have
Let B 2 be a nondegenerate half-integral matrix of degree n − 2 over Z 2 , let H = 0 1/2 1/2 0 and let Y = 1 1/2 1/2 1 . Let d(B) is odd or if n is even, B 1 = 2 m K, and ξ(B 2 ) = 0 2 if n is odd, B 1 = 2 m K, and d(2 m ⊥B 2 ) is even 0 otherwise.
If n is even,
and ξ(B 2 ) = 0 1 otherwise.
If n is odd, put η = η(B),η = η(B 2 ),ξ ′ = 1, andξ = 1 if B 1 = 2 m K and d(2 m ⊥B 2 ) is even, and 0 otherwise. Define four rational functions in X by
if n is odd.
Theorem 21 (Katsurada [16] ) Let B 1 = 2 m u 1 ⊥2 m u 2 with u 1 , u 2 ∈ Z * 2 or B = 2 m K with K = H or Y . Let B 2 be a half-integral matrix of degree n − 2 over Z 2 which is also in GL n−2 (Q 2 ), and put B = B 1 ⊥B 2 . Assume that m ≥ i(B 2 ) + 1. Then we have
For p = 2, any nondegenerate symmetric half-integral n × n matrix B can be diagonalized over the p-adic integers Z p , B ∼ = p e1 u 1 ⊥ . . . ⊥p en u n with e 1 ≥ · · · ≥ e n ≥ 0 and with u i ∈ {1, ǫ} for all i, where ǫ is any quadratic nonresidue (see [35] ). Then F p (B; X) can be computed by repeated applications of Theorem 20 above.
Note that in the course of recursively computing F p (B; X) for X = p −k in this manner, one occasionally encounters zeros of the denominators of the functions C (1) and C (0) . (This is only a problem when X is a negative power of p.) Rather than attempting to simplify the expressions symbolically, we instead computed F p (B; 1), F p (B; p) , . . . , F p (B; p n ), and then used Lagrangian interpolation to compute F p (B; p −k ). The reason for choosing X = 1, p, . . . , p n rather than n + 1 other numbers is that for these numbers the recursive subproblems overlap: we need only evaluate F p (p ei u i ⊥ . . . ⊥p en u n ; X) for X = 1, p, . . . , p 2n−i , starting with i = n, and working down to i = 1 which gives F p (B; 1) , . . . , F p (B; p n ).
For p = 2, any nondegenerate symmetric half-integral matrix B is equivalent over Z 2 to a matrix of the form 2 e1 (U 1 ⊥V 1 )⊥ . . . ⊥2 em (U m ⊥V m ) with e 1 > · · · > e m ≥ 0, U i = ∅ or u 1 or u 1 ⊥u 2 for u 1 , u 2 ∈ {±1, ±3}, and V i = ∅ or H⊥ · · · ⊥H or H⊥ · · · ⊥H⊥Y (see [35] ). Then F 2 (B; X) can be computed by repeated applications of Theorems 20 and 21 above. (We again used an interpolation scheme, similar to the one described for p = 2.) 8 Computing the numbers r(R i , R j )
The method described in this section is essentially the one used for some of the computations in [6] (although the algorithm itself is not described in that paper). In this section we write r(R, R ′ ) as emb(R ′ , R), since a representation of R ′ by R is the same as a linear map from R ′ into R which preserves inner products. For any irreducible root systems S and T it is routine to compute the number of embeddings emb(S, T ) of S into T , and to determine the root system of the orthogonal complement of S in T for each of these embeddings. There are at most two orbits of embeddings of S into T , so we write emb(S, T ) = emb 1 (S, T ) + emb 2 (S, T ), where there are emb 1 (S, T ) embeddings of S into T for which the orthogonal complement is comp 1 (S, T ) and there are emb 2 (S, T ) embeddings of S into T for which the orthogonal complement is comp 2 (S, T ).
Example 22
We demonstrate how to compute the two orbits of embeddings of A 3 into D n . Recall from [9] that A n = {(x 1 , . . . , x n+1 ) ∈ Z n+1 : x 1 +· · ·+x n+1 = 0} and D n = {(x 1 , . . . , x n ) ∈ Z n : x 1 + · · · + x n ∈ 2Z}. A 3 is generated by three roots v 1 = (1, −1, 0, 0), v 2 = (0, 1, −1, 0), and v 3 = (0, 0, 1, −1) with
We can map v 1 to any of the 4C(n, 2) roots r 1 in D n (all permutations of (±1, ±1, 0, . . . , 0)), where C(n, k) denotes the binomial coefficient.
We can then map v 2 to any of the 4(n − 2) roots r 2 of D n which have inner product −1 with r 1 . Let us say r 1 is supported in coordinates i and j and r 2 is supported in coordinates j and k. (Clearly k = i.) Then there are two cases:
(a) We can map v 3 to the root r 3 supported in coordinates i and j which has inner product 0 with r 1 and inner product −1 with r 2 . In this case the roots of D n orthogonal to r 1 , r 2 , and r 3 form the system D n−3 ;
(b) We can map v 3 to 2(n − 3) roots r 3 supported in coordinates k and l (l = i, j) which have inner product 0 with r 1 and inner product −1 with r 2 .
In this case the roots of D n orthogonal to r 1 , r 2 , and r 3 form the system D n−4 .
Hence there are 4C(n, 2) · 4(n − 2) · 1 = C(n, 3) · |Aut(A 3 )| ways to embed A 3 into D n with complement D n−3 , and there are 4C(n, 2) · 4(n − 2) · 2(n − 3) = 2 3 C(n, 4) · |Aut(A 3 )| ways to embed A 3 into D n with complement D n−4 .
The computations for other irreducible root systems are similar. All nonzero values of emb 1 , emb 2 , comp 1 , and comp 2 are given in Table 4 .
If R and R ′ are root lattices then we can write R = S 1 ⊕ · · · ⊕ S k and R ′ = T 1 ⊕ · · · ⊕ T m where each S i and T i is an irreducible root lattice, and we can compute r(R ′ , R) recursively via the formula
A direct implementation of this algorithm does a lot of redundant computation on certain inputs, some of which we can circumvent with dynamic programming or memoization (see [10, Chapter 16] ). Our implementation also does several things to reduce the amount of computation when there are direct summands in R or R ′ with multiplicity greater than one. But computing r(R ′ , R) is an NP-Hard problem, since it is an NP-Complete problem to determine if r(R ′ , R) > 0, as we show below.
Proposition 23
The problem of determining whether a root system R embeds into a root system R ′ is NP-Complete.
Proof. We shall reduce 3-Partition (see [14] ) to this problem. Let S = {s 1 , . . . , s 3k } be an instance of 3-Partition, with the s i positive integers summing to kt. Then S can be partitioned into k sets each consisting of 3 elements with sum t if and only if the root system D 4s1 ⊕ · · · ⊕ D 4s 3k embeds into the root system k i=1 D 4t .
Remark 24
Since 3-Partition is strongly NP-Complete, the problem of whether one root system embeds into another remains NP-Complete if the Gram matrices of root lattices are used as input (rather that the list of components A i , D i , and E i as above).
Since we need to compute r(R, R ′ ) for all pairs of root systems rather than just one pair, the amortized computational cost would be reduced considerably by using dynamic programming. But the dynamic programming table becomes unmanageably large in dimension 32, so we instead use a hash table, which is purged periodically, for memoization. Table 4 : Embeddings of irreducible root systems into one another other. (In the fourth and last columns, A 0 , D 0 , D 1 , D 2 and D 3 should be interpreted as ∅, ∅, ∅, A 1 A 1 and A 3 , respectively.) Aj (j ≥ i) C(j + 1, i + 1)
Eliminating root systems a priori
There are 405844 root systems of rank n ≤ 32 with no vectors of norm 1, corresponding to all direct sums of A i , D i (i ≥ 4), E 6 , E 7 and E 8 , where the order of the summands does not matter and the sum of the subscripts is at most 32. Since computing the number of embeddings r(R i , R j ) can be timeconsuming, we used the following congruences, due to Borcherds [4] , to eliminate some root systems from consideration: Let roots(R) denote the number of roots of R. If R is the root system of a 32-dimensional even unimodular lattice then if R contains E 8 , then roots(R) ≡ 0 (mod 24) if R contains E 7 , then roots(R) ≡ 0 (mod 12) if R contains E 6 , then roots(R) ≡ 0 (mod 6) if R contains D 6 , then roots(R) ≡ 0 (mod 4) if R contains D 7 , then roots(R) ≡ 0 (mod 8) if R contains D 8 , then roots(R) ≡ 0 (mod 8) if R contains D n , n > 8, then roots(R) ≡ 0 (mod 16) Also note that if a(R) = 0 then m(R) = 0. If rank(R) = 32 and det(R) is not a perfect square then a(R) must be 0, so we eliminated those root systems as well. This left 135443 root systems. We ordered them so that dim(R i ) ≤ dim(R j ) if i < j, and so that det(R i ) ≥ det(R j ) if i < j and dim(R i ) = dim(R j ).
As the matrix U with U i,j = r(R i , R j ) would still contain around 10 billion elements, we did not explicitly construct and invert it. Rather, we computed each element in the matrix when it was required for solving 1 m U v = w by back-substitution, with
If m(R j ) has already been computed to be 0, then the values r(R j , R i ) need not be computed since they make no contribution to this sum.
